Group models for fusion systems  by Seeliger, Nora
Topology and its Applications 159 (2012) 2845–2853Contents lists available at SciVerse ScienceDirect
Topology and its Applications
www.elsevier.com/locate/topol
Group models for fusion systems
Nora Seeliger
Laboratoire Analyse, Géométrie et Applications, UMR 7539, Institut Galilée, Université Paris 13, 99 avenue J.B. Clément, 93430 Villetaneuse, France
a r t i c l e i n f o a b s t r a c t
Article history:
Received 13 April 2011
Received in revised form 9 January 2012
Accepted 9 May 2012
Keywords:
Homology decompositions
Fusion systems
We study group models for fusion systems and construct homology decompositions for the
models of Robinson and Leary–Stancu type.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
In the topological theory of p-local ﬁnite groups introduced by Broto, Levi and Oliver (see e.g. [5]) one tries to ap-
proximate the classifying space of a ﬁnite group via the p-local structure of the group as encoded by its fusion system
of p-subgroups, at least up to Fp-cohomology. The Martino–Priddy Conjecture, stated in [11] and proved in [12,13], re-
veals that the homotopy type of the p-completed classifying space of a ﬁnite group is determined by p-fusion. The p-local
structure of a ﬁnite group is a special instance of a fusion system, but not every fusion system arises in this way (see
e.g. [16]).
As in the case of groups, p-local ﬁnite groups have classifying spaces (see e.g. [5]), but these need not be the classifying
space of a ﬁnite group [5], not even up to Fp-cohomology. In this article we study groups realizing fusion systems including
the possibility perhaps they do so simultaneously at different primes. We construct homology decompositions to compute
the cohomology of the classifying spaces of group theory models of fusion systems introduced by Robinson and Leary–
Stancu and investigate their homotopy types.
This work is part of the author’s doctoral thesis at Aberdeen Institute of Mathematics under the supervision of Prof.
Ran Levi. I would like to thank my thesis advisor and the Professors David Benson, Bill Dwyer, Radha Kessar, Assaf Libman,
Markus Linckelmann, Bob Oliver and Geoffrey Robinson for kind advice and enriching discussions on the topic and in
addition the referee for the generous help on the improvement of the exposition of the material.
2. Preliminaries
We review the basic deﬁnitions of fusion systems and centric linking systems and establish our notations. Our main
references are [5,6,10]. Let S be a ﬁnite p-group. A fusion system F on S is a category whose objects are all the subgroups
of S , and which satisﬁes the following two properties for all P , Q  S: The set HomF (P , Q ) contains injective group homo-
morphisms and, amongst them, all morphisms induced by conjugation of elements in S , and, each element is the composite
of an isomorphism in F followed by an inclusion. Two subgroups P , Q  S will be called F -conjugate if they are isomor-
phic in F . Deﬁne the group OutF (P ) = AutF (P )/Inn(P ), for all P  S , where Inn(P ) is the group of inner automorphisms
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fully centralized respectively fully normalized in F if |CS (P )| |CS (P ′)| respectively |NS(P )| |NS(P ′)| for each subgroup
P ′  S which is F -conjugate to P . Every ﬁnite group gives rise to a canonical fusion system (see e.g. [5]).
A fusion system F is called saturated if, for each subgroup P  S which is fully normalized in F , P is fully centralized
in F and AutS (P ) ∈ Sylp(AutF (P )), and, moreover, if P  S and φ ∈ HomF (P , S) are such that φ(P ) is fully centralized,
then there is a lift φ ∈ HomF (Nφ, S) such that φ|P = φ, where Nφ = {g ∈ NS (P ) | φcgφ−1 ∈ AutS (φ(P ))}. A subgroup P  S
will be called F -centric if CS (P ′)  P ′ for all P ′ which are F -conjugate to P . A subgroup P  S is called F -radical
if O p(AutF (P )) = AutP (P ), where O p(−) denotes the maximal normal p-subgroup, and a subgroup P  S is called F -
essential if P is F -centric and AutF (P )/AutP (P ) has a strongly p-embedded subgroup. Denote by F c the full subcategory
of F with objects the F -centric subgroups of S .
The centric linking system associated to the saturated fusion system F is the category L whose objects are the F -
centric subgroups of S , together with a functor π : L −→ F c , and a “distinguished” monomorphism δP : P −→ AutL(P )
for each of the F -centric subgroups P  S such that the following conditions are satisﬁed. The functor π is the identity
on objects and surjective on morphisms. For each pair of objects P , Q ∈ L the group Z(P ) acts freely on MorL(P , Q )
by precomposition (upon identifying the group Z(P ) with δP (Z(P ))  AutL(P )), and the functor π induces a bijection
of sets MorL(P , Q )/Z(P )
−→ HomF (P , Q ). We have that for each of the F -centric subgroups P  S and each x ∈ P ,
π(δP (x)) = cx ∈ AutF (P ). For every morphism f ∈ MorL(P , Q ) and every element x ∈ P , f ◦ δP (x) = δQ (π f (x)) ◦ f .
Let F and F ′ be fusion systems on ﬁnite p-groups S and S ′ , respectively. A morphism of fusion systems from F to
F ′ is a pair (α,Φ) consisting of a group homomorphism α : S −→ S ′ , and a covariant functor Φ : F −→ F ′ with the
following properties: for any subgroup Q of S , we have α(Q ) = Φ(Q ) and for any morphism φ : Q −→ R in F , we have
Φ(φ) ◦ α|Q = α|R ◦ φ.
Let G be a (possibly inﬁnite) group. A ﬁnite subgroup S of G will be called a Sylow p-subgroup of G if S is a p-
subgroup of G and all p-subgroups of G are conjugate to a subgroup of S . A group G is called p-perfect if H1(BG;Zp) = 0.
Equivalently a group is p-perfect if it has no normal subgroup of index p. With this deﬁnition it is easy to see that a group
generated by p-perfect subgroups is itself p-perfect. In particular, a group generated by p′-elements is p-perfect.
Let G1, and G2 be groups with Sylow p-subgroups S1, and S2 respectively, and let φ : G1 −→ G2 be a group homomor-
phism such that φ(S1)  S2. The morphism φ will be called fusion preserving if φ|S1 induces an isomorphism of fusion
systems FS1 (G1) ∼= FS2 (G2). Let S be a ﬁnite p-group, and let P1, . . . , Pr, Q 1, . . . , Qr be subgroups of S . Let φ1, . . . , φr be
injective group homomorphisms φi : Pi −→ Q i for all i = 1, . . . , r. The fusion system generated by φ1, . . . , φr is the minimal
fusion system F over S containing φ1, . . . , φr .
Fix any pair S  G , where G is a (possibly inﬁnite) group and S is a ﬁnite p-subgroup. Deﬁne FS (G) to be the cat-
egory whose objects are the subgroups of S , and where the set of morphisms between two subgroups P and Q fulﬁlls
MorFS (G)(P , Q ) = HomG(P , Q ) = {cg ∈ Hom(P , Q ) | g ∈ G, gP g−1  Q }, where cg denotes the homomorphism conjuga-
tion by g (x −→ gxg−1). Note that HomG(P , Q ) ∼= NG(P , Q )/CG(P ), where NG(P , Q ) = {g ∈ G | gP g−1  Q } denotes the
transporter set. For each P  S , let C ′G(P ) be the maximal p-perfect subgroup of CG(P ). Let LcS (G) be the category whose
objects are the FS(G)-centric subgroups of S , and where MorLcS (G)(P , Q ) = NG(P , Q )/C ′G(P ). Let π : LcS(G) −→ FS(G) be
the functor which is the inclusion on objects and sends the class of g ∈ NG(P , Q ) to conjugation by g . For each FS (G)-
centric subgroup P  G , let δP : P −→ AutLcS (G)(P ) be the monomorphism induced by the inclusion P  NG(P ).
A triple (S,F ,L) where S is a ﬁnite p-group, F is a saturated fusion system on S , and L is an associated centric linking
system to F , is called a p-local ﬁnite group. Its classifying space is |L|∧p where (−)∧p denotes the p-completion functor
in the sense of Bousﬁeld and Kan, see [2]. This is partly motivated by the fact that every ﬁnite group G gives canonically
rise to a p-local ﬁnite group (S,FS (G),LcS (G)) and BG∧p  |L|∧p , see [5]. In particular, all fusion systems coming from ﬁnite
groups are saturated.
Let F be a fusion system on the ﬁnite p-group S . The fusion system F is called an Alperin fusion system if there
are subgroups P1 = S, P2, . . . , Pr of S and ﬁnite groups L1, . . . , Lr such that: Pi is the largest normal p-subgroup of Li ,
CLi (Pi) = Z(Pi), and Li/Pi ∼= OutF (Pi) for each i. Moreover NS(Pi) is a Sylow p-subgroup of Li , and FNS (Pi)(Li) is contained
in F for each i such that F is generated by all the FNS (Pi)(Li). The groups Li are isomorphic to AutL(Pi) for all i = 1, . . . , r.
Recall that every saturated fusion system is Alperin, as proven in [3, Section 4].
One can also deﬁne fusion systems and centric linking systems in a topological setting (see e.g. [6, Deﬁnition 1.6]). We
will need this when we make use of the fact that a group realizes a given fusion system if and only if its classifying space
has a certain homotopy type. In particular we have for a p-local ﬁnite group (S,F ,L) and a group G such that FS (G) =F
that there is a map from the one-skeleton of the nerve of L to the classifying space: |L|(1) −→ BG .
Given a saturated fusion system F on a ﬁnite p-group S it is not always true that there exists a ﬁnite group G , having
S as a Sylow p-subgroup, such that FS =FS(G) (see [5], chapter 9 for example). However for every fusion system F there
exists an inﬁnite group G such that FS (G) = F . We now describe the constructions by G. Robinson [15], and I. Leary and
R. Stancu [9].
Robinson’s construction is speciﬁc to Alperin fusion systems. It is an iterated amalgam of the groups Li over the sub-
groups NS(Pi), where the groups Li and Pi , i = 1, . . . , r, appear in the deﬁnition of an Alperin fusion system.
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deﬁnition. Then there exists a ﬁnitely generated group G which has S as a Sylow p-subgroup such that the fusion system F is realized
by G . The group G is given explicitly by G = L1 ∗
NS (P2)
L2 ∗
NS (P3)
· · · ∗
NS (Pn)
Ln with Li , P i as in the deﬁnition.
Corresponding to the various versions of Alperin’s fusion theorem on a saturated fusion system F (reduction to automor-
phisms of F -essential subgroups, of F -centric subgroups respectively, of F -centric F -radical subgroups) there are several
choices for the groups generating F as an Alperin fusion system.
The inﬁnite groups realizing arbitrary fusion systems constructed by I. Leary and R. Stancu are iterated HNN-construc-
tions.
Theorem 2.2. ([9, Theorem 2]) Suppose that F is the fusion system on S generated by Φ = {φ1, . . . , φr}. Let T be a free group with
free generators t1, . . . , tr , and deﬁne G as the quotient of the free product S ∗ T by the relations t−1i uti = φi(u) for all i and for all
u ∈ Pi . Then S embeds as a p-Sylow subgroup of G and FS (G) =F .
3. Group models for fusion systems
In this section we give a new construction of a group realizing a given fusion system. With it we give a construction of
a group which realizes an arbitrary collection of fusion systems at different primes and study several examples.
3.1. A functor to GROUP
Let p be a prime. Deﬁne the category FUSION(p). The objects of this category are fusion systems over ﬁnite p-groups
and its morphisms are the morphisms between the respective fusion systems. Let GROUPSylp be the full subcategory of the
category of groups where the objects are groups which have a Sylow p-subgroups. Deﬁne the functor F : FUSION(p) −→
GROUPSylp , as constructed in [9, Corollary 4]. Let F be an object of FUSION(p), i.e. a fusion system over a ﬁnite p-group S .
Then the functor F takes F to the group S ∗ F (Mor(F))/ < φuφ−1 = φ(u) ∀φ ∈ Mor(F), φ : P −→ Q , u ∈ P >, where
Mor(F) is the set of all morphisms in F and F (Mor(F)) is the free group on the morphism set Mor(F). Let F and F ′
be fusion systems over the ﬁnite p-groups S and S ′ respectively. Let (α,Φ) : F −→ F ′ be a morphism of fusion systems
between them. Deﬁne F((α,Φ)) : F(F) −→ F(F ′) by s −→ α(s) and φ −→ Φ(φ). The following remark is the same as
[9, Corollary 4].
Remark 3.1. The functor F is a left inverse to the canonical functor.
We add a new remark about the canonical functor in fusion theory.
Remark 3.2. The canonical functor does not have a left adjoint.
Proof. Assume it had one. Then the functor which associates to a given group with a Sylow p-subgroup its canonical
fusion system will be a right adjoint and therefore preserve pullback diagrams. Recall that there are two nonisomorphic
fusion systems over the cyclic group C3 of order 3: the trivial one and FC3 (Σ3). The fusion system of the pullback Σ3 −→
Σ3 ∗
C3
Σ3 ←− Σ3 is not isomorphic to the pullback FC3 (Σ3) −→FC3 (Σ3 ∗C3 Σ3) ←−FC3 (Σ3). 
Let F be a fusion system over a ﬁnite p-group S . There is a group model G such that FS (G) =F which comes with the
property that for every group G such that FS(G) =F there exists a surjection from G to G in a fusion preserving way. This
result is [9, Corollary 3].
3.2. Graphs of groups
We construct a single group realizing an arbitrary collection of fusion systems at different primes. To begin, we need
a short resume from graphs of groups. A ﬁnite directed graph Γ consists of two sets, the vertices V and the directed
edges E , together with two functions ι, τ : E −→ V . For e ∈ E , ι(e) is called the initial vertex of e and τ (e) is the terminal
vertex of e. Multiple edges and loops are allowed in this deﬁnition. The graph Γ is connected if the only equivalence
relation on V that contains all pairs (ι(e), τ (e)) is the relation with just one class. A graph Γ may be viewed as a category,
with objects the disjoint union of V and E and two non-identity morphisms with domain e for each e ∈ E , one morphism
e −→ ι(e) and one morphism e −→ τ (e). A graph Γ of groups is a connected graph Γ together with groups Gv , Ge for
each vertex and edge and injective group homomorphism fe,ι : Ge −→ Gι(e) and fe,τ (e) : Ge −→ Gτ (e) for each edge e. If a
graph is seen as a category, then a graph of groups can be seen as a functor from that category to the category of groups
with injective homomorphisms. The following theorem is of particular interest since Solomon’s fusion system [17] is known
to be exotic in today’s language, via the noncompatibility of fusion systems at different primes in a ﬁnite group.
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tion of fusion systems over Si respectively. Then there exists a group G such that Si ∈ Sylpi (G) and FSi (G) =FSi for all i.
Proof. Let Gi be models of Leary–Stancu-type for the FSi for all i respectively. Deﬁne G :=
m×
i=1
Gi . Si ∈ Sylpi (G) since all
ﬁnite subgroups of Gi are conjugate to Si for all i and therefore all ﬁnite pi-groups are conjugate to a subgroup of Si for
all i. Obviously FSi ⊆ FSi (G). Since all elements of G j , i = j, commute with Gi we obtain FSi = FSi (G) for all i. More
generally we have the following. Let G be a group having a Sylow p-subgroup S and H be a group that does not contain
any p-element. Then S is a Sylow p-subgroup of G ×H and FS(G) = FS (G ×H). The same result is true if we replace
G ×H by G ∗H. This last statement is a consequence of [9, Theorem 5]. 
Remark 3.4. Instead of taking the direct product of the Gi it is also possible to take the free product G of the Gi . We have
Si ∈ Sylpi (G) and FSi ⊆FSi (G) for all i as before. Since the only element of Si that is conjugate into Si by G j , i = j, is the
identity. Therefore we obtain again FSi =FSi (G) for all i. Note that direct product and amalgamated product of respective
Robinson models will do as well as long as the orders of L1, . . . , Ln of each factor are coprime to all the remaining primes pi .
The following remark is a particular case of [9, Theorem 5].
Remark 3.5. Let F be a fusion system over the ﬁnite p-group S . Let G , G ′ be groups such that S ∈ Sylp(G), S ∈ Sylp(G ′),
FS(G) =F , and FS(G ′) =F . Let G := G ∗
S
G ′ . Then S ∈ Sylp(G) and F =FS(G).
4. Group models and homology decompositions
In [7] Cartan and Eilenberg show that the Fp-cohomology ring of a ﬁnite group is given as the subring of stable elements
of the cohomology ring of the Sylow p-subgroup. In [5] Broto, Levi and Oliver extend the result to the cohomology of the
classifying space of the p-local ﬁnite group. We relate their results to the cohomology of the group models studied by
Robinson and Leary–Stancu. Before we do this we give a general result relating the cohomology of a group model and the
ring of stable elements. Recall that the ring of F -stable elements H∗(F) is isomorphic to H∗(|L|) by [5, Theorem 5.8].
Theorem 4.1. Let (S,F ,L) be a p-local ﬁnite group and G a discrete group such that S ∈ Sylp(G) and F =FS (G). Then there exists
a natural map of algebras H∗(BG) q−→ H∗(F) making H∗(F) a module over H∗(BG).
Proof. We show that the restriction map ResGS : H∗(BG) −→ H∗(BS) factors through the ring of stable elements H∗(F) ⊂
H∗(BS). For every subgroup P of S we have a map ResGP : H∗(BG) −→ H∗(BP ). Since we have F = FS(G) we obtain that
for all subgroups P , Q  S and all morphisms φ ∈ MorF (P , Q ) that φ = cg for some g ∈ G . Therefore the outer triangle
commutes
H∗(BP )
H∗(BG)
ResGQ
ResGP
ResGS H∗(BS)
ResSQ
ResSP
H∗(BQ )
φ∗
since the diagram
BP
Bφ
Bincl
BQ
Bincl
BG
commutes up to homotopy and the map ResGS : H∗(BG) −→ H∗(BS) factors through the ring of stable elements giving rise
to the map q : H∗(BG) −→ H∗(F). 
4.1. Homology decomposition for Robinson’s models
We investigate the cohomology of Robinson’s models for a saturated fusion system F over a ﬁnite p-group S . Let
P1, . . . , Pn be F -centric subgroups, fully normalized in F such that P1 = S and F is generated by AutF (P1), . . . ,AutF (Pn).
N. Seeliger / Topology and its Applications 159 (2012) 2845–2853 2849For each Pi , let Li = AutL(Pi) be as in the deﬁnition of Alperin fusion systems. We recall that such Li ’s exist and are unique
(see e.g. [3, Section 4]), and moreover Li = AutL(Pi). In the following G will always be a model for F of Robinson type, i.e.
G = L1 ∗
NS (P2)
L2 ∗
NS (P3)
· · · ∗
NS (Pn)
Ln .
Theorem 4.2. Let (S,F ,L) be a p-local ﬁnite group and G the model of Robinson type forF presented above. Then there exist natural
maps of algebras over the Steenrod algebra H∗(BG) q−→ H∗(|L|) and H∗(|L|) r∗−→ H∗(BG) such that we obtain a split short exact
sequence of unstable modules over the Steenrod algebra
0−→ W incl−→ H∗(BG)
r∗←−→
q
H∗
(|L|)−→ 0,
where W ∼= Ker(ResGS ).
Proof. Let C be the following category.
•2 •3
•n+1 •n+2
•1
•2n−1 •n+3
•n •2n−2 · · · •4
•n−1
Denote by φi, j : •i −→ • j the unique morphism in C between •i and • j if it exists. Let F : C −→ Spaces be a functor with
F (•i) = BLi for i = 1, . . . ,n, BNS(Pi) for i = n + 1, . . . ,2n − 1, and F (φi, j) = Bincl : F (•i) −→ F (• j) for all φi, j : •i −→ • j
in C , i = n + 1, . . . ,2n − 1, j = i − n + 1,1. Note that hocolim(F )
C
is a K (G,1) and the graph of groups we use here is
homotopy equivalent to the star-shaped graph of groups constructed in the proof of [9, Theorem 5]. Since Li = AutL(Pi) for
all i = 1, . . . ,n we have a functor BLi −→L which sends the unique object • to Pi and a morphism x to the corresponding
morphism in AutL(Pi) for all i = 1, . . . ,n. Therefore we obtain a map BLi to |L| for all i = 1, . . . ,n. Note that all the
diagrams
BL1
BNS(Pi)
Bincl
Bincl
|L|
BLi
commute up to homotopy since the existence of the linking system guarantees that we can ﬁnd a compatible system of lifts
of the inclusion ιNS (Pi),S in L for all i = 1, . . . ,n such that all the diagrams
BL1
BNS(Pi)
Bincl
Bincl
L
BLi
commute up to the natural transformation which takes the object • ∈ Obj(BNS (Pi)) to ιNS (Pi),S for i = 1, . . . ,n. In this way
we obtain a map from the 1-skeleton of the homotopy colimit of the functor F over the category C to |L|. Since C is a
1-dimensional category we obtain a map from BG to |L|. This map will be denoted by r inducing H∗(|L|) r∗−→ H∗(BG).
From the construction of the isomorphism H∗(|L|) −→ H∗(F) in [5, Theorem 5.8] it follows that the natural map
BS
B(δS )−→ |L| induces an isomorphism in cohomology on the image H∗(|L|) B(δS )
∗
−→ H∗(F) ⊂ H∗(BS). We have the following
commutative diagram
BS
B(δS )
Bincl
|L|
BG r
inducing a commutative diagram of unstable algebras over the Steenrod algebra
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r∗
H∗(BG)
q
which shows that q ◦ r∗ = idH∗(|L|) where H∗(|L|) is identiﬁed with H∗(F) via the isomorphism above.
Denote the kernel of the map q by W . We have the following commutative diagram of unstable algebras
H∗(|L|)
incl
r∗
←−
q
H∗(BG)
ResGS
H∗(BS).
Commutativity implies that W ∼= Ker(ResGS ) in the category of unstable modules. 
Theorem 4.3. Let F be an Alperin fusion system and G a model of Robinson type for it. Then BG is p-good.
Proof. The group G is a ﬁnite amalgam of ﬁnite groups. Note that each Li is generated by NS (Pi) and elements of p′-order.
Therefore G is generated by elements of p′-order and S . Let K be the subgroup of G generated by all elements of p′-order.
Note that K G and S surjects on G/K and therefore G/K is a ﬁnite p-group. The group K is p-perfect since it is generated
by p′-elements and therefore we have H1(BK ;Fp) = 0. Let X be the cover of BG with fundamental group K . Then, using
[2, VII.3.2], we have that X is p-good and X∧p is simply connected. Hence X∧p −→ BG∧p −→ B(G/K ) is a ﬁbration sequence
and BG∧p is p-complete by [2, II.5.2(iv)]. So BG is p-good. 
Theorem 4.4. Let (S,F ,L) be a p-local ﬁnite group and G be a model of Robinson type for it. Then H∗(BG) is ﬁnitely generated.
Proof. Note that we have a map BG = hocolim(F )
C
−→ |L| where F and C are as deﬁned in the proof of Theorem 4.2
for the model of Robinson type G . Note that NS(Pi) ∈ Sylp(Li) for all i = 1, . . . ,n. It follows from [4, Lemma 2.3] and
[5, Theorem 4.4(a)] that H∗(BPi) is ﬁnitely generated over H∗(|L|) for all i = 1, . . . ,n since H∗(BPi) is ﬁnitely gener-
ated over H∗(BS∧p ) and therefore over H∗(BS), and hence over H∗(|L|∧p ) which is contained in H∗(BS) as a subring
and contains the image of the map H∗(BPi) −→ H∗(BS). Moreover we have that H∗(|L|) is noetherian as follows from
[5, Proposition 1.1 and Theorem 5.8]. Therefore the Bousﬁeld–Kan spectral sequence for H∗(BG) is a spectral sequence of
ﬁnitely generated H∗(|L|)-modules, the E2 term with Es,t2 = limsC H
t(F (−);Fp) is concentrated in the ﬁrst two columns and
E2 = E∞ for placement reasons, see [8] for a reference for the Bousﬁeld–Kan spectral sequence of a homotopy colimit.
Therefore H∗(BG) is a ﬁnitely generated module over H∗(|L|) and in particular noetherian. 
A space A is a stable retract of a space X if there exists a map f : A −→ X such that the induced map on suspension
spectra Σ∞ f : Σ∞A −→ Σ∞X is a retract.
Theorem 4.5. Let (S,F ,L) be a p-local ﬁnite group and G a model of Robinson type for F . Then |L|∧p is a stable retract of BG∧p .
Proof. The diagram
Σ∞BS∧p
Σ∞Bincl∧pΣ∞B(δS )∧p
Σ∞|L|∧p Σ∞BG∧pΣ∞r∧p
commutes where r is the map constructed in the proof of Theorem 4.1. By Ragnarsson’s work [14] there is a map
σF : Σ∞|L|∧p −→ Σ∞BS∧p such that the composition of maps Σ∞|L|∧p σF−→ Σ∞BS∧p
Σ∞B(δS )∧p−→ Σ∞|L|∧p is the identity. Since
Σ∞B(δS )∧p ◦ σF = Σ∞r∧p ◦ Σ∞Bincl∧p ◦ σF we have |L|∧p is a stable retract of BG∧p . 
We describe two examples of a fusion system and a model of Robinson type for it: In the ﬁrst the cohomology of the
model is isomorphic to the stable elements and in the second it is not.
Proposition 4.6. Let G = PSL2(7) be the projective special linear group of rank 2 over the ﬁeld of 7 elements. There exists a model of
Robinson type G for the 2-local ﬁnite group associated to G such that H∗(BG;F2) ∼= H∗(|L|;F2).
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FD8(PSL2(7)). Denote by V and W two representatives of the respective conjugacy classes of F -centric F -radicals of D8.
We know from [10, Example 8.8] that AutF (V ) = AutF (W ) = Σ3 and therefore we have that AutL(V ) = AutL(W ) = Σ4 and
G = Σ4 ∗
D8
Σ4 is a model of Robinson type for the 2-local ﬁnite group associated to G . It follows from [3, Theorem 3.5] that
B(D8 ∗
D8
Σ4 ∗
D8
Σ4) is weakly equivalent to |L| before completion and therefore we obtain that H∗(BG;F2) ∼= H∗(|L|;F2). 
Proposition 4.7. Let p be an odd prime. Let Cp  Cp ∈ Sylp(Σp2 ) and (S,F ,L) be the associated p-local ﬁnite group. Then there does
not exist a model G of Robinson type for F such that H∗(BG) is isomorphic to H∗(|L|).
Proof. We know from [1, Section 2] that representatives of isomorphism classes of F -centric F -radical subgroups of Cp Cp
are the Sylow p-subgroup S = Cp Cp where the normalizer in Σp2 is Cp Cp  (GL1(Fp)×GL1(Fp)) with the diagonal action
on Cp , P2 = Cp × Cp embedded via its action on itself via translation, the normalizer is P2  GL2(Fp), and P3 = C×pp as
a subgroup of Σ×pp  Σp2 , where the normalizer in Σp2 is (Cp  GL1(Fp))  Σp . Denote Li = AutL(Pi) for i = 1,2,3. The
centralizers are contained in the centers. The model of Robinson type we consider is G = L1 ∗
NS (P2)
L2 ∗
NS (P3)
L3. We prove
that H1(L1;Fp) = 0. Let S := Cp  Cp and G := S  (GL1(Fp) × GL1(Fp)) where (GL1(Fp) × GL1(Fp)) acts diagonally on
V . Assume φ : G −→ Cp is a surjective group homomorphism. Let K := Kerφ. Then |K | = pp(p − 1)2. We have [S, K ] 
S ∩ K since S  G and K  G . Moreover |S ∩ K | = pp . The quotient S/S ∩ K is centralized via K and therefore via G and
therefore via GL1(Fp) × GL1(Fp). This is a contradiction so φ cannot exist. Analogously it follows that H1(L2;Fp) = 0. We
also have H1(L3) = 0 since L3 = (Cp  Cp−1)  Σp , and the abelianization of Σp is C2. Since p > 2 it follows from the Serre
spectral sequence for the extension 0 −→ (Cp  Cp−1)p −→ (Cp  Cp−1)p  C2 −→ C2 −→ 0 that H1(L3) = 0. We have
H1(NP1 (Cp × Cp);Fp) = 0 and moreover we obtain NS(P3) = S . In the corresponding Mayer–Vietoris sequence where the
covering spaces are BL1 and BLi , for i = 2, . . . ,n and the intersections are the corresponding BNS (Pi) we obtain
0
H1(L1) H2(L1)
× H1(NS(P2)) ×
H1(BG) H1(L2) × H2(BG) f H2(L2) · · ·
× H1(NS(P3)) ×
H1(L3) H2(L3)
0
Since 0 = H1(S) × H1(NS (P2)) is the kernel of the map f and H2(Σp2 ;Fp) = 0 we conclude that the cohomology of BG is
strictly bigger than the stable elements. Any other model G′ of Robinson type contains L1 and groups isomorphic to L2 and
L3 so there cannot exist a model of Robinson type which has Fp-cohomology isomorphic to the stable elements ruining the
hope that we can always ﬁnd a model of Robinson type for which the cohomology is isomorphic to the stable elements. 
4.2. Homology decompositions for Leary–Stancu groups
We also establish analogous results for the group constructed by I. Leary and R. Stancu.
Theorem 4.8. Let (S,F ,L) be a p-local ﬁnite group and G a model of Leary–Stancu type for F . Then there exist natural maps of
algebras over the Steenrod algebra H∗(BG) q−→ H∗(|L|) and H∗(|L|) s∗−→ H∗(BG) such that we obtain a split short exact sequence
of unstable modules over the Steenrod algebra
0−→ W incl−→ H∗(BG)
r∗←−→
q
H∗
(|L|)−→ 0,
where W ∼= Ker(ResGS ).
Proof. Let {φ1, . . . , φn} with φi : Pi −→ Q i for all i = 1, . . . ,n be the set of morphisms used in the construction of G . We will
consider them from this point on as morphisms φi : Pi −→ S for all i = 1, . . . ,n. In [9] the authors show that BG = hocolim FD
where D is the following category:
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f2,2
f2,1
•3
f3,2
f3,1
•1
•n
fn,1
fn,2
•4
f4,2
f4,1
•n−1
fn−1,1
fn−1,2
· · ·
and F is a functor to spaces with F (•1) = BS and F (•i) = BPi and F ( f i1) = Bincl : BPi −→ BS and F ( f i2) = Bφi : BPi −→ BS
for all i = 1, . . . ,n.
Due to Alperin’s fusion theorem there exist for all i = 1, . . . ,n an index k(i) and a family of F -centric subgroups
P1i , . . . , P
k(i)
i and for all j = 1, . . . ,k(i), ψ ji ∈ AutF (P ji ) such that for all i = 1, . . . ,n, for all x ∈ Pi we have φi(x) =
ψ
k(i)
i ◦ ψk(i)−1i ◦ · · · ◦ ψ1i (x). Whenever we consider the automorphisms ψ ji as morphisms ψ ji : P ji −→ S they will be de-
noted ψ̂ ji : P ji −→ S for all i = 1, . . . ,n and j = 1, . . . ,k(i). Note that all the groups P ji are F -centric subgroups of S
and therefore there is a functor F 2 ji : BP ji −→ L = incl ◦ δP ji for all i = 1, . . . ,n, j = 1, . . . ,k(i). Therefore we have a map
BP ji −→ |L| for each i = 1, . . . ,n, j = 1, . . . ,k(i). Each object BP of the image of the category D under F gets mapped
to BAutL(P ) ⊂ |L|. For all i = 1, . . . ,n deﬁne the family of functors {F ji : BPi −→ L}1 j2k(i)+11in in the following way. For
j = 1, . . . ,k(i), F 2 j−1i : BPi −→L, x −→ ̂ψ j−1i ◦ψ j−2i ◦ · · · ◦ψ1i (x), • −→ S , F 2 ji : BPi −→L, x −→ ̂ψ j−1i ◦ψ j−2i ◦ · · · ◦ψ1i (x),
• −→ P ji , F 2 j+1i : BPi −→ L, x −→ ψ̂ ji ◦ ψ j−1i ◦ · · · ◦ ψ1i (x), • −→ S . It follows from the existence of the linking system
that we can ﬁnd lifts of the inclusion {ι
P ji ,S
} and lifts of the morphisms {ψ̂ ji } which will be denoted {ψ˜ ji } such that for all
i = 1, . . . ,n and for all l = 1, . . . ,2k(i) + 1 the functors F 2 ji and F 2 j+1i commute via the following natural transformations
respectively. The functor F 2 ji commutes to F
2 j−1
i via • −→ ιP ji and F
2 j
i commutes to F
2 j+1
i via • −→ ψ˜ ji . Note that we
have an algebraic map q : H∗(BG) −→ H∗(|L|) as before. The induced diagram on classifying spaces commutes up to ho-
motopy for all i = 1, . . . ,n, j = 1,2. We have s : BG = hocolim(1)
D
(F ) −→ |L| which induces s∗ : H∗(|L|;Fp) −→ H∗(BG;Fp).
Analogously to the case of Robinson models we have the following commutative diagram
BS
B(δS )
Bincl
|L|
BG s
inducing a commutative diagram of unstable algebras over the Steenrod algebra
H∗(BS) H∗(|L|)B(δS )∗
s∗
H∗(BG)
q
showing that q ◦ s∗ = idH∗(|L|) . 
Theorem 4.9. Let (S,F ,L) be a p-local ﬁnite group and G a model of Leary–Stancu type for F . Then |L|∧p is a stable retract of BG∧p .
Proof. The diagram
Σ∞BS∧p
Σ∞Bincl∧pΣ∞B(δS )∧p
Σ∞|L|∧p Σ∞BG∧pΣ∞r∧p
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have |L|∧p is a stable retract of BG∧p . 
Theorem 4.10. Let F be a saturated fusion system over the ﬁnite p-group S and G a model of Leary–Stancu type for F with set of
automorphisms Φ . Then H∗(BG) is noetherian if and only if Φ is ﬁnite.
Proof. Note that we have a map BG = hocolim(F )
D
−→ |L| where F and D are as deﬁned in the proof of Theorem 4.8 for
the model of Leary–Stancu type G . Again H∗(B(Pi)) is ﬁnitely generated over H∗(|L|) for all i = 1, . . . ,n, and H∗(|L|) is
noetherian. Therefore the Bousﬁeld–Kan spectral sequence for H∗(BG) is a spectral sequence of ﬁnitely generated H∗(|L|)-
modules, the E2 term with E
s,t
2 = limsC H
t(F (−);Fp) is concentrated in the ﬁrst two columns so E2 = E∞ for placement
reasons. Therefore H∗(BG) is a ﬁnitely generated module over H∗(|L|) and in particular noetherian if and only if Φ is
ﬁnite. 
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